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Abstract. The high-temperature expansion of the grand thermodynamic potential of a
non-conformally invariant spin-0 gas in an arbitrary ultrastatic spacetime with boundary
is given in terms of the Minakshisundaram-Pleijel coefficients of the heat-kernel and the
zeta function of the spatial section. The general formula is then used to find the expansion
in the case of a massive bosonic field subject to Dirichlet boundary conditions on hyper-
cuboids in a flat n-dimensional spacetime. A detailed analysis of inhomogeneous multi-
dimensional Epstein zeta functions is necessary and some new properties of them are
derived. Finally the thermodynamics of the system is considered.

1. Introduction

The Casimir effect [1] is one of the most beautiful and simple manifestations of the
striking vacuum structure of quantum field theory (for general reviews see [2, 3]). The
effect is simply due to the influence of the boundary conditions imposed on the vacuum
configuration. The dependence on the boundary conditions is made explicit by the
formal definition of the Casimir energy

E[oM]= Ej[al]— E[0] (1.1)

where E [a.4] is the zero-point energy in the presence of a boundary 4.4 and E[0]
the zero-point energy without boundary.

This definition is only meaningful, when supplemented with a regularization method
leading to finite results. Zeta function regularization techniques of recent years have
been shown to provide a very powerful method in calculating quantities like the vacuum
energy or the thermodynamic potential at high temperature [4-16]. Based on new
results concerning the interchangeability of the order of summations [7] the Casimir
energy (1.1) was obtained for many situations.

Up to now, most of the calculations concerning the Casimir energy were done at
temperature 7 =0. The aim of this paper is to develop a systematic approach to find
the Casimir energy at T>>0. The appropriate generalization of the Casimir energy
(1.1) to finite temperature will be the difference between the free energy in the presence
and in the absence of constraints [2]

wdo] = ylad]-y[o]. (12)
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Using zeta function regularization, Dowker and Kennedy [17] derived a high tem-
perature expansion of the free energy of a massless spin-0 gas in an arbitrary ultrastatic
spacetime. These considerations were generalized to the thermodynamic potential of
a non-conformally invariant gas in a static spacetime without boundary [18§,19]. A
non-vanishing chemical potential has been introduced in [19] without much additional
effort. Specializing to the flat-space limit, the results were found to agree with [20].

In order to investigate the Casimir energy (1.2) for a non-conformally invariant
gas at high temperature, it is necessary to generalize the expansion of [19] to a spacetime
where the spatial section has a boundary. This is done in section 2. We restrict ourselves
to an ultrastatic spacetime, because this is alf we will need in the following, but the
expressions may also be given in an arbitrary static spacetime with boundary using
the techniques described in [18, 19, 21, 22].

The expansion is given in terms of the Minakshisundaram-Pleijel coefficients of
the heat-kernel and the zeta function of the spatial section. Obtaining the high-
temperature expansion in a special spacetime with specific boundary conditions
imposed on the field, essentially means finding the corresponding Minakshisundaram-
Pleijel coefficients and analysing the zeta function of the spatial section. It is one point
of this paper to show that preceeding in this way is a powerful method in calculating
high-temperature expansions for special cases.

To illustrate this, the thermodynamic potential for a massive bosonic field subject
to Dirichlet boundary conditions on hypercuboids of arbitrary dimensions is derived,
so extending some known results [14, 23-25] to a non-zero chemical potential and to
a field subject to external conditions. In section 3 the Minakshisundaram-Pleijel
coefficients resulting from the described problem are calculated using Poisson resumma-
tion. In section 4 we analyse the zeta function of the spatial section. It is seen that a
detatled discussion of the inhomogeneous multidimensional Epstein zeta function is
necessary. This is done in section 5 and we obtain some interesting properties of them.
Using the results of sections 2-5 the high-temperature expansion of the thermodynamic
potential including non-zero chemical potential is given for a field subject to the
described external conditions in section 6. The results of two parallel plates in three
spatial dimensions is easily extracted. In section 7 the thermodynamics of the system
is analysed.

Other boundary conditions can be treated by slightly modifying the given analysis.

2. High-temperature expansion in an ultrastatic spacetime

We shall first concern ourselves with the finite-temperature behaviour of a field theory
in the n-dimensional ultrastatic spacetime

ds?=dr’+ h;(x) dx' dx’ (2.1)

described by the field equation

—
~
o

N’

J’{_‘?._..\Z_L‘,_\__cp_mz}¢=g

Wor #) 77 0 7

with some, for the moment, unspecified boundary condition imposed on the field ¢
on the boundary 6.4 of the spatial section 4. In this Euclidean formulation of the
field theory the chemical potential u has been incorporated as described, for example,
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by Actor [14], 7 is the imaginary time compactified to a circle of size 8, 8 is the inverse
temperature, and A = [h]™"?(3/0x")(|h|/2hYa/ax’} is the Laplacian of the spatial section.
The finite thermodynamic potential is defined by [26]

W8, 1] =§{:n(o, B, 1) In A2 =710, B, )} (23)

where A is the scaling length, the prime denotes differentiation with respect to s and
¢.(s, B, 1) is the zeta function associated with the operator

D= —(E’—,u) —A+ER+m? (2.4)
a7
That means
La(s, B, 1) =§ Vo =$§ L dee* ™ exp(=vnt) (2.5)

valid for Re s> n/2, with
Du, = v, u,, (2.6)

In an ultrastatic manifold time is completely separated from space and using

1 2aril
U = E eXp (T "') g(x) (2.7
the eigenvalues »,, may be written in the form
2mil )
vy = —(%‘—p,) + Ay leZ (2.8)

where the A, are the eigenvalues of the operator —A + £R + m* with some given boundary
condition imposed on g {x).

The high-temperature expansion of the zeta function (2.5) is obtained by using the
short-time asymptotic expansion of the integrated proper-time propagator [27-29]

T ot (2.9)

K(t}=Y exp(-At)~——F—5
) zk: p(=Aut) (47”)(" ])"2;':0,5,1,...

Separating off the / = 0 term and neglecting exponentially small terms for ¢t »0[17-19]
one finds

(=]

2 z
=¢ (5wt ——— Il=]b*R , 1+ 2.10
Cn(s’ ﬁs F‘) { l(s #’) (47)(,, ”’IZF(S)J'=O§,|_M ¢ (2) EJH(Z lp) ( )
with z=2s+2j—n~+1, b=B/2m, p=Bu/2x, {u(s, w) is the Hurwitz zeta function and
{noi(s, i) is the zeta function on the spatial section,

o]

L, @) =F(1—si,[ drr texp(u®t) K(t) Re s>

o

n-1

(2.11)

(where for convergence u” must be smaller than the smallest eigenvalue A, ). Expanding
La(s, B, ) around s =0 [19, 30], the thermodynamic potential (2.3) may be written in
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the form

d’[B I-L]-_“E{n 1(0 ru’)+(4 )n/Z 26”/2[Re tp(l+1p)_ln(%)]

4/ sinh 7,
+ = " Cin ”/2111(3 —P)
7p

[(n=1)/2] r

AL_ 11
z(—1)
+vdmr 3 c(n—])/2—r|-—
r=1

+;:(‘y+2|n(23 )+¢,(1+r))]

[n/21] —2'\/"( 1)
+ Z Cn/: r(z ) rl"( +)

Rc BZr(lp)

2 (= 1)2T( ;)Reill(z')(lﬂp)
w(2r)!

+Var i Cn/2+r(£) (2.12)

29

r=zk..

where (z)=T"(z)/T(z) and B, are the Bernoulli polynomials.

This is the generalization of the high-temperature expansion of the thermodynamic
potential given in [19] to a spatial section with boundary. Setting =0, the high-
temperature expansion of the free energy is found ([18], equation {9)).

In my opinion, equation (2.12) is a very suitable starting point in calculating
high-temperature expansions for specific configurations. The remaining thing to do is
to find the coefficients ¢; of the heat-kernel (2.9) and to consider the zeta function
{2.11) on the spatial section. This is demonstrated in the next sections by treating a
previously incompletely solved problem.

e |

1T
T Dlﬂlllplc

We now restrict the ultrastatic spacetime to have an Euclidean spatial section. The
field is supposed to obey a mixture of Dirichlet and periodic boundary conditions, i.e.
to vanish on p perpendicular pairs of parallel hyperplanes or plates held at distances
L,,..., L, andtobe periodic with periodicity length L tending to infinity in ¢ directions,
with p+g=n-~1.

In the notation of section 2 one has

q A A2
Myt =M+ Y (2—171') + ¥ (ﬂ) LeZ, neN. (3.1)
o =1\ L i=1 \ L;

Using equation (2.12) the prablem of the determination of the high-temperature
expansion of the resulting thermodynamic potential thus reduces almost to the calcula-
tion of the asymptotic expansion for ¢ » 0 of the heat-kernel K (1), (2.9), and {,,_,(0, u),
(2.11), where A, is given by (3.1). Let us start with the determination of the Minakshisun-
daram-Pleijel coefficients ¢;; the examination of the zeta function of the spatial section
will be done in sections 4 and 5.
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Taking into consideration only the leading order in L (this means the propagation
of the field is taken to be free in ¢ directions) we are looking for the asymptotic
expansion for 1= 0 of

K(‘)=(§'L;)q § J‘d“‘kexp{—[k2+(f‘_:n—l)z+...+(%E)2+mz]t}
Ryatip=1 \ -

Lt 2 *mll)z (wn )2 ] }
= (a2 -({=—) +...+| 2048, _
(477:)"’2,,[,__,,2,,,,:1 “p{ [( I L)t (3.2)
This may be found completely by the method of Poisson resummation [31]
x /2 o 2.2
> eKIJ(—JCJ”!2)=(';;T) > exp(—wxn ) (3.3)

Using equation (3.3}, one first finds

IElf:xp( an r)—z{(m) n};mexp » 1

GO |

for t > 0. Looking at equation (2.5) one sees that the exponentially damped terms for
t-0 in (3.4) lead to exponentially damped terms of {,(s, B, ) for 8 -0, this means
T-00. So it is reasonable to neglect these terms in the expansion we are looking for
and we will ignore them from now on. So K (1} is readily seen to be

in—1)/2 pi2
K(t)=(-—-) Liexp(—tm?) Y (-1)*='A(p-2D¢ (3.5)
47t 1=0l1,..
where
A(I) = Z L'.l . Li,- (3.6)
{igenit}
3,y denotes the sum over all possible choices of the i, <i,<(,..<i,amongl,..., p,
and A(0)=1.
Expanding exp(-mZt) in its Taylor series it is seen furthermore that
1 (n—1)/2 o 0] (_l)kmlkﬂ_!—k
K{ty=\— L? t'(—1 2’{ —— A(p+2k-2I 37
() (47:'!) f=()§,l,... =1 ;Eo k! (p ) (3.7)
where AN =0 for <0 is used.
So the Minakshisundaram-Pleijel coefficients are given by
1 (-1 k. 2k __{-k
qopLi-p? 5 CMTT k). (3.8)

k=0 k!

These are the coefficients which have to be used in equation (2.12). To obtain the full
expansion, only {,-,(s, #) has to be considered for the specific example.
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4, Zeta function of the spatial section

This last step will lead us to consider inhomogeneous multidimensional Epstein zeta

functions. In contrast to the intensive studies concerning homogeneous Epstein zeta

functions (e.g. {5-11] and references cited therein), not s much is known about the

inhomogeneous ones {7, 10, 11, 32-35]. So a more detailed consideration is necessary.
Using equation (2.11) together with (3.2), it is seen that

__I:q_.... § dr !s—l—q/2
(417)qj2r(s) Aty =1 J0

2 2
xcxp{ —[(ELB—I) ++(%n3) +m2—p2]t}
1 v

B Lq l"(s—q/Z) mz“,uz( _(_]. (1)2 (1)2)
BT B PR VY ARG “n

P

gn—l(sp .u') =

where the inhomogeneous Epstein zeta function
Ef(v;ay,...,a)= Y [ani+...+ani+c] (4.2)

ay,...,a,>0, ceR, valid for Re v > p/2, has been introduced (we assume |u| < m for
the moment). For determining £,_,(0, x) it is necessary to expand the Rus of equation
(4.1) around s =0. Already at this point E ;1(1/; a,...,a,) may be seen to have poles
of order 1 at ¥=—M —3, MeN,, Let us explain this shortly.
General zeta function theory (see e.g. [36-391) tells us that [19]:
1 [tn-1)/23 g2k
gn-'l(o: #‘) - (47)("-1)/‘2 k§0 k! c(n—!},"Z—k (4-3)

where in our calculation the coefficients ¢(,—_,),2—x are given by equation (3.8). All the
coefficients ¢; are non-vanishing, i.e. £,..(0, ) is non-vanishing. In order that this is
fuifilled, the Epstein zeta function in equation (4.1} must have poles forodd g =2M +1,
M eN, at s =0, because then the pole of the gamma function at s=10 and the pole
of the Epstein zeta function at —g/2 cancel and a non-vanishing remainder is obtained.
The relevant expansion in equation (4.1} for s 0 thus reads

2 l 2
E;(:—M—%;a\,...,ap)=;Res ES(-M-%ay,...,a,)

+05(-M -4, ay,...,a,)+0(s). (4.4)
For ¢ =2M even, the poles of the gamma function in {4.1) at s=0 cancel and the
expansion needed for {},.,{0, 1) is then
ES(s—-M;ay,...,a,)=ES(-M;a,,...,a,)+SE (—M; a,,...,a,) +O(s%).  (4.5)
Expansions (4.4) and (4.5) will be given explicitly as a function of the g, in section 5.
Thus £,_,(s, u) can be written in the form

§n_1(s,y)=%:§ (’—1")“?2{5;,2_“2(__?; (1)2,,(‘:11\2\
@w)v" (g/i)n | \ 24 AL/ \L,/ /

wsler (-4 (E) - AE) ) [reeld)]

2 2
L S Y z 2
e (A(F) e (E) ey rorgem o
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and

el Dfome (2. (2)
oo ey (L (E) o (F)) (3]
+ 0;2‘”2( —g; (f—) ( ) )]} +0(s%) for g odd.  (4.7)

Differentiating with respect to s one finds
LA ( )4/2{ s ( ( ﬂ,)
:l_ 0’ E”" —H — —_
G0 )= Gy )t L

B Y e

(4.8)
and
aon-gh( Yo (3. ()
g""(o”")_(w)‘?”r( 2){0" ( 2\z,) >\,
2_,2 q ™ 2 K :
+ ittt BTSN Bl I o
Res Ep ( 2‘(L.)’ ’(Lp))
q
x[r+u{5+1 for ¢ odd. (4.9)
5. Inhomogeneous multidimensional Epstein zeta functions
In this section we want to determine Res E; ‘(~-N+La,... , 4,), Ocz( N+
La,...,a) E ( ~N;ay,...,4q,) and E"( ~N:a, ..., p) N eNp. Using regular-
ization techmques for Mellin transforms, Res Ej ( -N+%ay,...,a,) and

E ,‘,2(—~N ;a1,...,4a,) can be calculated in an ¢legant way [40} but in order to obtain
all the needed quantities, the explicit analytical continuation of equation (4.2) to
Re v<p/2 has to be constructed.

Consider first E’(v; a). The analytical continuation is given by [10}

pr 1 T 1
Ev(va)=-7m+\ 32T

1 =) al,"4—u/2 21‘1’[0)
] +4F —— it
x{r(” )+ s e Ko ] (s.1)
with the Kelvin function K /;_..

Here one can see, that the poles of the inhomogeneous Epstein zeta function are
located at »=—N+3}, N eN. This representation is very suitable to find the expansions
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(4.4) and (4.5) for p=1,
E{(v=N+} a)
11 Jo (DN 1 oy

22 NVNe NIT(-N+H 2
_1yNL2AN
+1 \/l;(—l)—c-—]—[gb(N+l)—-¢(N+%)—ln ’]

2 Va NII(-N+1)
+2 \/‘i‘r r(_c;v 5 2 (:;:N Ky (zf—k) +0(v) (5.2)
Ei(v—N;a)
= -—%czN+ v{; ™ In c2+~;- \/—S(—UNN!.:ZN*'
x[F(—N—%)+4IEI%KN+I,2(%)]}+O(y2). (5.3)

Next we will express E < in terms of E 1, SO using equations (5.2) and (5.3) the
analogous expansions are obtained for E, . First one finds (this recurrence relation
corresponds to those given in [7], equatlon {4.9) and [9], equation (39)}):

E;z(v;a,,...,ap)
c F(V ) oz
=—-E’1(y @iyenny@yy)ts \/a T Em ~2 @1, Gpo1)

P

2 " o«
- 1/2)72 —~1/2 2 2 29(1/2—-p)/2
ap(” Migy ¥ n,”laynit. . ta, ]
F(V) =1

XKuzg (?Jri [a1H?+ +ap lnP l+c2]|f2)' (5.4)

By induction it may then be shown that

2
E (viay,...,q,)

Gl Vi B o k2 ( k) £ k2,
=TT T & E( Nt T v~ JEV(v~k/2; ) E,”,Hn/j
ab Pl ik v .
+F(V) kE=:]( n UEM“%"("’ L PR S PR )
x (~1)rimie T - (5.5)

r=1¥ 4,
where we define

Lrlvian,. .., a8, c%)

o
T - 2 2 2 2- 2
=gy prmfginit | ta o+

At =1
2mn;
XKM’IZ_U(_\/T [alnf . .+a,-_1n,-2_1+(.'2]”2) (5.6)
2 (,...;xt denotes the sum over all possible choices of the j,<...<j, among 2,...,p.
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Substituting equations (5.2) and (5.3) into equation (5.5), one obtains the expansions
EEI(V_N+%; - ST 1y
1 (~1)P*N7" e=/21 (—1)kkF2N

= — k+1/2
D PT-N+D Z Gy T BGktHD

(=1)* ["5:2] RNk F(-N~ k+%)
L T(~-N+1)

(_l)p—l [{p—1)/2] (__1)N+kﬁ_k+l,/2€2N+2k
2" o (k+N)T(-N+1)
x[@(N+k+1)—¢(N+3)—1nc?]

B(2k)

+

B(2k+1)

2oNTUZ .
+ T S D T EH-N+har, g
T(-N+3) k2=:1 1) {il:?‘-l'k] LNz e, i )
. ko
X (=1)P7 207 [ —=+0(») (5.7)
r=1 i

E:)z(y-N;als"'sap)
(=1)PN 1122t (—])*P+2N gk
22 5% (k+N)

(—1)NPTIN L e /2)
+
L

B(2k)

c2N+2k+ITrk+U2r(_N — k—%)B(2k+ 1)

(_l)p—lN! lp/21 (—l)kwk62k+2N
2° k=0 (k+N}!

+

BQK)[In > = ¢(N+k+ 1)+ (N +1)]

14 .
+(—D"N1a™ ¥ (-1 T Fu-N;a,...,a,-¢%)
k=1 it

Ve )

X (—1)P=in2i 1P f[ %}H}(»Z) (5.8)
with
1
B([)=“1§,il} Hail “'ai,. (5'9)

One can check, that with equations (3.8), (4.6), (4.7), (5.7) and (5.8) the result (4.3)
of the general zeta function theory is recovered. Equations (5.7) and (5.8) are the main
results of this section. Now all the quantities necessary to write down the high-
temperature expansion (2.12) for the considered example are known.

6. High-temperature expansion for the example

In this section the results of the previous sections are collected to find the high-
temperature expansion (2.12) for the specific configuration described in section 3.
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First the contribution of the zeta function of the spatial section to the thermodynamic
potential is determined to be

Lq (_,l)pﬂ—a [(p—14+ea)/2) k—(1-a)/2 q+1_a,
—k—(1—c - —k
(4#)“’2{ 2 P r 2 )

X (m? = p YOl Ak + 1~ @)

(_1)p+(q—nr),u’2 [(p—a)/2] (_l)kﬂ_—k—a,u’z
+ _—
2° k=0 (k+(q+ﬂ‘)/2)!

x[y+¢(g—;;£+k+ l) —In(mz—p.z)]

P ) m\? o\’
4+ g9/2 e )E ok 2.1( _9q (_) . (..___.) - 2)
i k§1 =" {i.,?.ik} , 2’\L,/’ ALy 4/ moH

Lama(0, ) =

(m2 —ul)k+(Q+a)/2A(2k+ O!)

initiep & 0 for g even
X (~1)P7h2htime L,-} ={ 6.1
-1 rl;ll ' i B for g odd. 6.1)

Next the coefficients ¢, in equation (2.12) are replaced by equation (3.8}, Performing
some elementary resummations, the thermodynamic potential may be cast into the form

1 B 27 B)z . 2:| . .
e (47)”’2{ln(4m)A+A° 8 "[(2,, (m*=p) | A AL
[(n—1)/2] -2-1 [(n/2] _
+ Z (ﬁ) A_s + z (ﬁ_) Ay
=1 27 = \2n
o 21-1 o 21
(%) i) ) (62)
=1 \2m =\
with
A=2(_1)P+1+(Q+ﬂ)/2ﬂ_(p—l+a]_/‘2
[(p—1+w0}/2] (—l)kfr‘k .
Lq 2k+q+2 aA k+ _ .
* .«Eo (k+1+(g—a)/2)! m (2 1-e) (6.3)
Ap=-ARe ¢(l1+ip) 64
j_] = (_1)P+(q-nJ/27r(p—l—a}/2
[{p-a)/2] (_l)kf‘_—k , .
R S e E— _ +(q+a)/2A 2k + 6.5
) kéo (k+{g+a)/2)! (m™=p7) (2k+a) (6.5)
AL =2(—1)PHamey2gipmla)/2 ln(2 sinh rrp)
p

p-a2l  (~1)*7”" 2k+g+
X ——— LIm™ T A(2k + &)
km( (k+(q+a)/2)' (

(p=a)/2) j*a+e)2 (=Yg Ty (1+1)

+{—-1 p+ig—al)/2 _(p-1—a)f2 -
(-1) 7 j=0 izo  Njt+{gta)/2~-D!
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X Lqmzj—2l+q+t1p2fA(2j+ Of)

+(—HP“wWww%ﬁ”_E“”]w4r(_k_q+1—a)
k=0 2
X AQQk+1 - a)L(m?— p2)k+ia+i-an2
_ B [(p—a)/2] (_l)kﬂ,—k gta
+(—1 pti+ig—a)/2 __(p—1-a)/2 ( k]
=y 7 kgo (k+(q+a)/2]g¢' 3
X L(m” — g2) a2 A0k + o)

P
+2(4m) P2 g ar2 kz (=175 T {iy i}
=1

i g (= = \? 2_ 2
4 Yo

k
x{=1)P~n28 PR ] L, (6.6)
r=1
4(—1)PlamaV I L a2 pe ¢! (21 1+ ip)
Ay = .
I
[p-a)/2] (—=1)Yenr ™
X Lquk—2l+q+cA 2k+ 6.7
eetrarys (G +a)2—1)! (2k+a) (6.7)
L GNP Re By(ip) Upmiger) (=1)*m*
e IT(I+1) kmiteizay: (et (@ +2—a)/2 = D!
X LIm 2t at e g0k +1—a) (6.8)
I-n
== prit1H{g—a)/2__(p-1-a)/2 ( @-U¢q 43
Ay =2(-1) " (21_1)!]{6([1 (1+ip)
{ip—a)/f2] —1Y*g K
x Z ( 1) w Lqm2k+2f+q+aA(2k+a) (69)

k=0 (k+I+{g+a)/2)!

F(I+1) Re y*"(1+ip)
an!
OV skesee g op b - ). (6.10)
koo (k+I+1+(g—a)/2)! ’ )
Notice that the terms combine in such a way that the arguments of the logarithm terms
are dimensionless, as required.
For the especially interesting case of two parallel plates at distance L, in three
dimensions, (i.e. p =1, ¢ = 2) equations (6.2}-(6.10) simplify extremely and one obtains

Azi = 2(_ 1)p+f+(q+a)f2ﬂ_{p—2+aj,"2

A=—LLm’ (6.11)
Ag=Re ¢(1+ip)L*L,m* (6.12)
AL =L(m*~p?) (6.13)
A= Ll{Z In (M) m?—4m?—u?)"°L, - m?

P

o
-7 LAt e L n“’”Km(an.(mz—uz)'“)} (6.14)
w 1

n=
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A_;=2Re By(ip) L’L;m* (6.15)

A_y=—4Re (=2, 1+ip)L? (6.16)

A_s=%Re B,(ip)L’L, (6.17)
2= Re g™ (1+ip) , 1, |

Ay, = L .

2i-1 1+ 1)20-1)! " (6.18)

_+y! +l 2h 1+'

AZI=2( 1) F(l 2) Re ¢ ( lp) L"lez'“. (6.19)

Va{l+ 2120

In the limit of vanishing chemical potential (i.e. £ =0 and p=0) one only has to
replace the Bernoulli polynomials B, /(ip) (respectively the Hyrwitz zeta function
£1(—24, 1+ip)) by the Bernoulli numbers B,; (respectively the Riemann zeta function
Lr{—20)).

At the end of this section let us mention that A_, may be written in the form
2 sinh
A= L2{2 1n(——5‘—“‘°) m2 =3 (m? = u?2L, — m?
Il

. (mz_uz)uz

7 Lip{exp[—2L,(m*— p?)"?1}
1

—Li% Li;{exp[—2L,(m’ — u?)" 2]}} (6.20)

where
. 1
Lig(x)= X F\:‘x"

n=1

is the so-called polylogarithm function.

7. Thermodynamics of the Bose gas

Given the thermodynamic potential as a function of u, L, L; and S, ali the physical
quantities, for example, the particle density

12 1 aylB,ul

p= T o (7.1)
the energy
0 M a)
E={—-=— \ 7.2
(-4 2 sote.u (1.2
and the entropy
3 .
=R
5= Y ¥[8, ul (7.3)

may be calculated.
Let us first consider the particle density p of the system in order to examine the
phenomenon of Bose-Einstein condensation. Some general remarks can be made using
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the results of [41, 42], where the ideal relativistic Bose gas (i.e. p=0) was considered.
Bose-Einstein condensation of the system will take place for g=3 at a relativistic
temperature T.» m corresponding to u.= +(m*+3_, (w/L,)*)"?. Using equations
(6.2), (6.7), (6.8), (7.1}, the expansions of the Bernoulli polynomials [14] and the
Hurwitz zeta function [43], one finds (where 5{s)=(1—2""*){gr(s)):

—n+2__1-n/2A43—n n_l Zk
p=pB " 27"(n - 2)1 {m T (-1 (2k)' n{n-2k)
ﬁ gR(n 3) ~n+4
2 (nj2=D)! (J}:l L)}+0([3 ) for n even (7.4)
and
gnt2 o (1-n)i2y “2(n—1)1 f {r(n—2)
e "m-ni2n
B {(n—1)/2 . w2k .
(- 1/Dn72) & Y (2k)u"("—1‘2 )
x(f _ln-f-o(ﬂ“"“,u) for n odd (7.5)

=1 L

which determines T.. In the same way high-temperature expansions of the energy E
(7.2) and the entropy S (7.3} may be found.
Let us now consider ¢ <2. For g =<2 the particle density diverges according to

21rBL In{pZ—u?) for g=2 (7.6)
1
In 1
BL L, (ui~p*)'"? for =1 (77
2n 1

ar 1 1 2,32 for g=0 (7.8)
Prolols pe™
as p” tends to ul and the system will not condense.

In order to find this behaviour, consider the expansion (6.2). At sight, it seems
that the thermodynamic potential ¥[8, ] has branch cuts from w=m to u =0 and
from g =—m to u=—c0, resulting from the zeta function of the spatial section. But
locking at the definition (4.2) of the Epstein zeta function it is obvious, that the branch
cuts begin at x = ., and in fact it is possible to analytically continue ¥[8, u] to the
region m’= u’ =< uZ, as will now be shown.

To explain the method, let us consider for simplicity ¢ =2, p = 1. The general case
is also possible to handle, but needs more algebraic effort. Using the expansion of the
polylogarithm function [12, 14], equation (6.20) may be written in the form

2 sinh 7p = (2L (m* = p?)"(21+1)
__F2 2
A =L {Zm ln(———“) 4t21 21+ 2)1

{r(1-20)

=-2{m?- #2) ln[2L,(m2-—p,2)”2] _pz_fk(”}

L;
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or, with the reflection formula for the zeta function of Riemann [27]

A_, =L2{2mzln(

2 sinh #p
P

“2[({:) "'mz—#z] ln[l + (-I;—T‘-) (m2_uz)]
=2(m*— ?) In(2L,(m* - x?)V/?) - é’:;:(23)

20 2 (<1 [(Ly/ ) (m = )]
L 0+ [‘5’*(2’)"”}‘ (7.9)

)+2m2—3,u2

10104 ta)
3
07
M1
i 1
10° -
- - - L 4. = 4 A A L 'l A L 'l L
0 0.05 010 0 0.05 0.0
B B
Figure 1. (a) E and (b) p are shown as a functionof B forg=2,p=1,m=1and L, =0.57.
The three curves in each diagram correspond to p =100, 5x 10° and 10° and E, u are
increasing with p.
4 3 f_
10™ (a}
21
I3 [
107 4
E
1-
- (&)
L i’ L - i i A ' | A n i : i 1 1 L i i
] 0.05 0.10 0 0.05 .10
p f

Figure2. (a} E and (b} pareshownasafunctionof Sforg=1,p=2,m=1,L,=L,=05m
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This representation provides the analytical continuation of ¥[8, u] to m*<u’< B
The leading orders are

1 11,1 B\ 1
2 4+_ 2 2__ 2 +_ - 4___ 4 (___)__ 4_ 2 2]
TR A AT 207 3772[3” (AR iy B L

Bul_ 1
L*L, 45

o 2 amp+s [% (mn w2+ - ) 10 2)

180 T CO () ]
s 2 Tam it g L\ (m*=ph) | [e(2D)-1]

_% [(Lll)z + mz_ﬂz] 1,,(1 + (-‘:‘:‘)2(,"2-,;2))]] +0(8). (7.10)

Obviously the thermodynamic potential has branch cuts from u = (m*+ (m/L,)*)"* to
u=00 and from p=—(m’*+(w/L,}")"* to p=-00, as it should, and the behaviour
(7.6) is found. It is now easy to derive the high-temperature expansion of p, E and §
valid for || =<|pl.

In order to examine, for example, E as a function of g and 8, note first that the
expansion of p is really an implicit formula for u as a function of p and 8. This is
solved numerically (we use the first five orders in 8) and the results shown in figures
1-3 for g=<2 are obtained. For completeness let us mention, that using the low-
temperature expansion of the thermodynamic potential {(which may be found simply
by Poisson resummation) the scaling length A has been determined in this analysis in
such a way that the vacuum zero-temperature energy vanishes.

10" (a)

107

10 <

0 0.05 0.10
A

Figure3. (2) E and (b} p are shownasafunctionof Sfot g=0,p=3, m=1L,=L,=1,=

0.5,
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8. Conciusions

Using zeta function regularization and heat-kernel techniques a high-temperature
expansion of the thermodynamic potential in an arbitrary ultrastatic spacetime with
boundary has been derived, equation (2.12). Based on new results concerning the
Minakshisundaram-Pleijel coefficient ¢, [21, 44-46], this expansion is known explicitly
up to order 87" for n#4 and In 8 for n=4.

It is shown that equation (2.12) is very suitable for calculating the expansion for
specific configurations, i.e. we discussed a massive bosonic field subject to Dirichlet
boundary conditions on hypercuboids in a flat n-dimensional spacetime {6.2). The
example involves the analysis of multidimensional inhomogeneous Epstein zeta func-
tions. The essential results, interesting also from a pure mathematical point of view,
are equations (5.7) and (5.8). The thermodynamics of the system has been considered,
i.e. a numerical analysis of some thermodynamical quantities has been given.

Other boundary value problems can be treated by slightly modifying the consider-
ations of sections 3-6. Furthermore, an analogous approach for higher-spin particles
may be developed.
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